We present an analysis of the primary bifurcations that occur in a mathematical model that uses the (three-dimensional) Navier-Stokes equations in the Boussinesq approximation to describe the flow of a near unity Prandtl number fluid (i.e. air) in the differentially heated rotating annulus. In particular, we investigate the double Hopf (Hopf-Hopf) bifurcations that occur along the axisymmetric to non-axisymmetric flow transition. Centre manifold reduction and normal forms are used to show that in certain regions in parameter space, stable quasiperiodic mixed-azimuthal mode solutions result as a nonlinear interaction of two bifurcating waves with different azimuthal wave numbers. These flows have been called wave dispersion and interference vacillation. The results differ from similar studies of the annulus with a higher Prandtl number fluid (i.e. water). In particular, we show that a decrease in Prandtl number can equilibrate these mixed-mode solutions.
Introduction
The differentially heated rotating annulus experiment has long been regarded as a useful tool for studying baroclinic waves, which are a fundamental feature of the dynamics of the atmosphere, in particular in the mid-latitudes (see e.g., [1, 2, 3, 4] ). These waves can be generated in rotating fluids with an imposed, horizontal temperature gradient, and thus, play an important role in the poleward transport of heat and momentum in the atmosphere [1, 3, 4] .
The differentially heated rotating annulus experiment represents a means of studying baroclinic waves in a controlled environment. In the experiments, a fluid is placed in a cylindrical annulus that is rotated at a rate Ω, while a differential heating ∆T of the fluid is imposed by maintaining the inner wall of the annulus at a different temperature than the outer wall of the annulus. The experiments consist of observing the various stable flow patterns that occur as the rotation rate and differential heating are varied. Usually, the experimental results are presented in a diagram where the transitions between the different flow types are plotted on a graph with coordinate axes being the Taylor number T and the thermal Rossby number R, which are generally regarded as the two most important dimensionless parameters [1] . The Taylor number is given by
where Ω is the rate of rotation, R = r b − r a is the difference between the outer radius r b and inner radius r a of the annulus, and ν is the kinematic viscosity of the fluid, and the thermal Rossby number is given by
where ∆T is the imposed horizontal temperature gradient, α is the coefficient of thermal expansion, D is the depth of the fluid, and g is the gravitational acceleration. Here, we consider ∆T > 0, i.e., the inner wall of the annulus is held at a lower temperature than the outer wall. If all other parameters are held fixed, there is a one-to-one relationship between the pair of dimensionless of parameters, thermal Rossby number and the Taylor number, and the pair of physical parameters, the differential heating and rate of rotation, which are generally varied during an experiment.
For small values of the forcing (rate of rotation and differential heating), a steady axisymmetric flow is observed. However, as the parameters are varied, a wide variety of complex wave flow may equilibrate, for example, steadily rotating waves (often referred to as steady waves [1] ), modulated waves (e.g. amplitude vacillation [5] ), mixed azimuthal-mode flows (also called wave dispersion [6] or interference vacillation [7] ), as well as more complicated flows such as modulated amplitude vacillation [8, 7] and geostrophic turbulence [4] .
Of particular interest here are the quasiperiodic flows with two dominant azimuthal wave numbers (mixed-mode flows) that have been observed. This flow has been called wave dispersion because it resembles a linear superposition of two waves with different azimuthal wave numbers and phase speeds [6] . These flows have been observed in annuli with free surfaces [6] or annuli with sloping lower boundaries [9, 10] , but are rarely observed in annuli with flat and rigid lids and bottoms [7] . Consequently, these flows have been studied in less detail than other forms of quasiperiodic flow, such as amplitude vacillation.
Other factors such as the Prandtl number P r = ν/κ, where κ is the coefficient of thermal diffusivity of the fluid also affect the observations. However, both experimental and theoretical studies have concentrated on high Prandtl number fluids (greater than 5), e.g., water, water-glycerol mixtures or silicon oils, while some have investigated fluids of very low
Prandtl number e.g., mercury with Prandtl number P r = 0.025 [11] . Only recently have studies used fluids with Prandtl number near unity. A numerical study that used air as the working fluid (Prandtl number P r ∼ 0.707) has been performed [12] , and even more recently, an experimental investigation was carried out [13] . Although many of the features of the flow transitions are similar to those observed at other Prandtl numbers, it was found that the Prandtl number played an important role in some transitions. In particular, hysteresis is observed along the transition from axisymmetric to steady waves [12] , and the onset of amplitude vacillation is found to occur as rotation rate is increased. The experiment also showed the existence of weak (low-amplitude) steady waves over large areas of parameter space.
The rich variety of behaviour that is observed suggests that the annulus is not only of interest for its potential application to geophysical fluids, but that it could also be used as a means of exploring interesting nonlinear phenomena, as has been done in other applications, such as, Rayleigh-Bénard convection (see e.g. [14] ), or Couette-Taylor flow [15, 16] . For these problems, mutual feedback between theoretical studies, often using bifurcation analysis, and experimental studies has helped to explain many of the observed phenomena [15] .
Such an analysis for the annulus experiment has been initiated in the case of a high Prandtl number fluid (i.e. water, where P r ∼ 7) [17] . In particular, the transition from steady axisymmetric flow to rotating waves has been studied by applying bifurcation techniques to a mathematical model that uses the (three-dimensional) Navier-Stokes equations in the Boussinesq approximation to describe the fluid flow. The results indicate that as a single parameter is varied, the numerically computed steady axisymmetric solution loses stability via Hopf bifurcations, as expected from the SO(2) symmetry of the system [18] . At certain points along the transition curve, two Hopf bifurcations occur simultaneously. An analysis of these double Hopf (or Hopf-Hopf) bifurcation points indicates the mechanism by which the experimentally observed bistability and hysteresis of wave solutions occurs [17] .
This mechanism requires the existence of an unstable mixed azimuthal-mode flow that resembles the wave dispersion described above. Analysis of f-plane and β-plane models have shown similar results [19, 20, 21] . The flows result from a nonlinear interaction of two waves, where the effects of the nonlinearity grow as parameters are moved away from transition, as postulated in [22] .
Here, using a similar analysis to that presented in [17] , we show that a variation of the Prandtl number P r can lead to the equilibration of the mixed-mode flows close to the axisymmetric to non-axisymmetric transition. We follow [12, 13] and choose the parameters of our fluid to be those of air, which has a Prandtl number P r ≈ 0.707. In the two parameter space defined by the Taylor number and the thermal Rossby number (or equivalently defined by the differential heating ∆T and rotation rate Ω), the transition from axisymmetric to non-axisymmetric flow can be represented by a (one-dimensional) curve. The transition itself is traced out by computing the linear stability of the steady axisymmetric solution, which is determined from the eigenvalues of the linearization of the model equations about that solution. As for fluids with higher Prandtl number and for the other studies of the air-filled annulus, the transition curve has a knee shape on a log-log plot of the Taylor number vs. thermal Rossby number. As parameters are varied across the transition curve, a complex conjugate pair of eigenvalues crosses the imaginary axis, and the steady solution loses stability via a Hopf bifurcation, where the bifurcating periodic solution corresponds to a steady wave of some integer azimuthal wave number m. In the parameter ranges that are investigated, the azimuthal wave number m of the bifurcating solution, called the critical wave number, ranges from 2 to 5, where the specific value depends on the parameter values at the transition. As in [17] , at isolated points along the transition curve there are two complex conjugate pairs of eigenvalues with real part, and two waves with critical wave numbers differing by integer one bifurcate simultaneously as parameters are varied through these points. In the range of parameters that is studied, we find three such points, called double Hopf bifurcation points. At these points, centre manifold reduction and normal forms can be used to deduce the existence and stability of bifurcating solutions close to the bifurcation. The analysis of these points reveals very different behaviour than that observed in the water-filled annulus. In particular, although near some of these points stable rotating waves are predicted, unlike in the water-filled annulus, no bistability (and hysteresis) of the wave solutions is observed. Near two of the points the existence of a stable 2-torus corresponding to a mixed azimuthal-mode solution is predicted. The phase speeds of the two interacting waves are non-commensurate, and thus the flow on the torus is quasiperiodic. At one of the points, it is shown that by increasing the Prandtl number P r, the mixed-mode solution could lose stability and the bistability that is observed for the high Prandtl number case is recovered.
In Section 2, we describe the mathematical model, while in Section 3, we describe the notation as well as the analytical and numerical techniques that are used. The results are presented and discussed in Sections 4 and 5, while in Section 5.1 we further discuss the effects of the Prandtl number on the flow. A conclusion follows.
Model Equations
The Navier-Stokes equations in the Boussinesq approximation are used to model the fluid flow. In particular, we assume that variations of all fluid properties are negligible, and that the equation of state of the fluid is given by
where ρ is the density of the fluid, T is the temperature of the fluid, α is the (constant) coefficient of thermal expansion, ρ 0 is the density at the reference temperature T 0 , and
) is assumed to be small. Under these assumptions, the fluid can be considered incompressible. The evolution of the temperature T is given by the heat equation with an advection term that couples the fluid velocity to the temperature. The boundaries are the inner wall of the cylindrical annulus with radius r a , the outer wall with radius r b , as well as a rigid flat bottom and top. At the boundaries, we impose the no-slip condition on the fluid, and we require the temperature to be T a and T b at the inner and outer walls of the annulus, respectively, while the bottom and top of the annulus are assumed to be thermally insulating. The equations are written in circular cylindrical coordinates in a frame of reference co-rotating with the annulus at rate Ω. The radial, azimuthal and vertical (or axial) coordinates are denoted r, ϕ and z, respectively, with unit vectors e r , e ϕ and e z . This model is essentially the same as those used in many previous numerical studies, including, for example, [23, 2, 24, 17, 12] . With air as the working fluid, it is expected that the Boussinesq approximation will lead to quantitatively accurate results for ∆T < 50 [12] , while above this, the results may only be qualitatively accurate.
We make a change of variables
where R = r b − r a is the gap width and D is the height of the annulus, write the fluid temperature as
where ∆T = T b − T a is the imposed temperature difference, and write the fluid pressure as
Then we drop the primes, to obtain equations describing the evolution of the fluid velocity 
, κ is the coefficient of thermal diffusivity, g is the gravitational acceleration,
for velocity fields u j = u j (r, ϕ, z, t)e r + v j (r, ϕ, z, t)e ϕ + w j (r, ϕ, z, t)e z , j = 1, 2, and
The domain is r a /R < r < r b /R, 0 ≤ ϕ < 2π, 0 < z < 1, and the boundary conditions are
with 2π-periodicity in ϕ for u, T and p.
The solutions will not depend explicitly on the value of the reference temperature T 0 . However, there is implicit dependence because the values of ν, κ and ρ 0 are chosen to be those of the fluid at T 0 . It is assumed that the difference between the temperature of the fluid and T 0 is everywhere small enough so that ν and κ can be considered as constants.
If the equations are written completely in terms of dimensionless variables, then the Taylor number T , the thermal Rossby number R, and other dimensionless parameters would enter the equations. However, this would not simplify the analysis, and thus, we choose to work with the equations in the form (7) - (9) . This follows previous numerical work on this problem [23, 2, 24, 17] . The parameters of interest are the rotation rate Ω and the temperature difference ∆T between the inner and outer annulus walls, because these are the quantities (external variables) that are generally varied in an experiment. We present our results in terms of T and R so that they may be easily compared to the experimental results.
Methods
An analysis of the double Hopf (also called Hopf-Hopf) bifurcations that occur in the model will indicate the existence and stability of the mixed-mode solutions. The double Hopf bifurcations are located at isolated points along a curve of Hopf bifurcations that separates the parameter space into two regions, one in which the axisymmetric solution is linearly stable, and another in which it is unstable. Thus, we must first compute the steady axisymmetric solution and its linear stability, and use these computations to trace out the curve of Hopf points.
The steady axisymmetric solution is independent of time t and the azimuthal variable ϕ.
Thus, we look for a solution of equations (7)- (9), with the boundary conditions (10), in the
The solution also depends on the parameters, but we do not indicate this dependence explicitly.
The steady axisymmetric solution can be solved using a stream function approach. In particular, we replace the radial and vertical fluid velocities, u
, with a stream function
that is defined such that the incompressibility condition (9) is automatically satisfied.
The pressure terms can then be eliminated, and we obtain three equations in the three unknown functions ξ (0) , v (0) and T (0) . The resulting equations, computed using the Maple symbolic computation package, are sufficiently complicated that no insight is gained by explicitly writing them here.
The eigenvalue problem
It is convenient to compute the linearized stability of the steady axisymmetric solution from the perturbation equations, which can be obtained by substituting
into equations (7)- (9). The trivial solution u = 0, p = 0, T = 0 (where we have dropped the primes) then satisfies the perturbation equations, and corresponds to the steady axisymmetric solution of equations (7)- (9). The boundary conditions are unchanged from (10).
It is also convenient to represent the perturbation equations in the following (abstract)
where L is a (partial differential) linear operator such that L U is the linear part of the equation (observe that L depends on the parameters, through the steady axisymmetric solution), N(U ) is the nonlinear part (it has the form N(U ) = M(U, U ), where M is bilinear), and the velocity components of U are divergence free. Written as such, some important theoretical properties have been established, which enable the analysis described below [25] .
The linear stability of the steady axisymmetric solution can be determined from the spectrum of the linearization L. In particular, we assume that the unknown functions may be written as u = u(r, ϕ, z, t) = e λtũ m (r, z)e imϕ , with m an integer, and likewise for T and p, where the azimuthal dependence of these functions can be assumed due to periodicity in the azimuthal variable. Consequently, we obtain a linear eigenvalue problem for the eigenvalues λ and the eigenfunctions ũ m (r, z),T m (r, z) e imϕ , for each azimuthal wave number m. The eigenfunctions will determine the form of the bifurcating solutions, and thus we anticipate that they will be azimuthal waves of some azimuthal wave number m.
If m = 0, it is possible to eliminate the pressure and azimuthal velocity. The resulting three equations in the three remaining unknownsũ m (r, z),w m (r, z) andT m (r, z) may be written in the form of a generalized linear eigenvalue problem
and A m and L m are 3 × 3 matrices of linear operators. If m = 0, a stream function method can be used in exactly the same manner as in the calculation of the axisymmetric solution.
Again the equations are calculated using Maple and are too lengthy to write here.
Normal form coefficients
Suppose that the double Hopf points have been isolated at the critical parameter values Ω = Ω 0 and ∆T = ∆T 0 , so that for Ω near Ω 0 and ∆T near ∆T 0 , the eigenvalue problem has eigenvalues
and when Ω = Ω 0 and ∆T = ∆T 0 , we have µ 1 = µ 2 = 0, i.e., there are two complex conjugate pairs of eigenvalues with zero real part. Also, assume that all the other eigenvalues have negative real parts, with the real parts uniformly bounded below zero.
The eigenfunctions corresponding to the above eigenvalues are
where they have the form
with m j (j = 1, 2, m 1 = m 2 ) being the azimuthal wave number corresponding to Φ j .
The adjoint eigenfunctions corresponding to the Φ j are denoted by Φ * j , where the Φ * j are found from the adjoint eigenvalue problem. The eigenfunctions and their adjoints are normalized so that their inner products satisfy
for j = 1, 2. Due to a rescaling (see below), the results do not depend on the way in which the second normalization constant is determined.
We write U as
where
, and where the centre eigenspace E c is the span of the eigenfunctions corresponding to the eigenvalues with zero real parts when Ω = Ω 0 and ∆T = ∆T 0 , and the stable eigenspace E s is the span of all the other eigenfunctions, which are the eigenfunctions that correspond to eigenvalues with negative real parts. Given certain technical assumptions on (12), then for (Ω, ∆T ) in a neighborhood of (Ω 0 , ∆T 0 ), the centre manifold theorem [25, p. 168] implies that there exists a differentiable centre manifold for equation (12) that is locally invariant, is tangent to the centre eigenspace
at U = 0 when Ω = Ω 0 and ∆T = ∆T 0 , and is locally exponentially attracting. Therefore, on the centre manifold, we can write
and then expand the centre manifold function H in a Taylor series as
where H ijkl are the Taylor series coefficients of
) and c.c. denotes the complex conjugates of the preceding terms that are written explicitly. We also write
is the nonlinear term of (12) written in terms of z 1 , z 1 , z 2 and z 2 , using the decomposition of U given in (16) , and with Ψ written using (17) and (18) . With the nonlinear part written as (19), we can obtain an ordinary differential equation in the four dependent variables z 1 , z 1 , z 2 , z 2 that describes the dynamics on the centre manifold.
Because the centre manifold is locally exponentially attracting, the behaviour of the original partial differential equations, close to the bifurcation point, can be deduced from this reduced system.
The four-dimensional ordinary differential equation describing the dynamics on the centre manifold can be transformed into the normal form by performing a series of near-identity coordinate transformations (see, e.g., [26] ). The normal form for the non-resonant case iṡ
where λ j =λ j (Ω, ∆T ), and the normal form coefficients G kl are given by
where ·, · is the inner product, and N ijkl is the coefficient of the z (19) . This normal form requires the non-resonance condition that the imaginary parts of the eigenvalues, ω 1 and ω 2 , satisfy n 1 ω 1 + n 2 ω 2 = 0 for all integers n 1 and n 2 with |n 1 | + |n 2 | ≤ 4, at the critical parameter values Ω = Ω 0 and ∆T = ∆T 0 .
We write
is the real part of the normal form coefficients G ij , and substitute these expressions into (20) . In these scaled polar coordinates, the truncated normal form equations arė
terms are ignored in theθ j equations. Ignoring these terms does not affect the local dynamics, except for fine details of the dynamics on invariant tori.
Thus, given m 1 and m 2 , the coefficients of the scaled normal form equations a, b, c, d can be written in terms of the following functions, which are all only functions of two spatial variables r and z:
• the eigenfunctions and adjoint eigenfunctions
• certain Taylor series coefficients of the centre manifold functioñ
,H
0011 andH
The eigenfunctions are found from the eigenvalue problem (13) , and, the equations from which the H ijkl (r, ϕ, z) can be found are derived using the local invariance of the centre manifold [27] and are written out in [17] .
Numerical Methods
In order to compute the normal form coefficients, it is necessary to find the axisymmetric solution, the eigenfunctions and certain Taylor series coefficients of the centre manifold function. However, analytic solutions of these functions cannot be found, and, therefore, it is necessary to find numerical approximations. Thus, we discretize the spatial derivatives of the equations using second-order centred finite-differences, and find approximations of the unknown functions at N × N grid points in the interior of the domain. Upon discretization, the axisymmetric solution is approximated from a system of nonlinear algebraic equations and the partial differential boundary value problems for finding the coefficients of the centre manifold function become systems of linear equations. Matrix eigenvalue problems result from the discretization of the partial differential eigenvalue problems. In all case, the finitedifference discretization leads to large sparse systems, and so we employ appropriate memoryefficient solution techniques. In order to more efficiently resolve the boundary layers that occur in the axisymmetric solution, we perform the computations on a non-uniform grid. This is accomplished by implementing the change of variables,
where η is a scaling factor, and approximating the solutions on a grid that is uniform in the new coordinates (x, y). This uniform grid corresponds to a non-uniform grid in the original variables which has a higher density of points at the boundary than in the interior. The scaling factor η determines the magnitude of compression of grid points near the boundary. The solution of the nonlinear algebraic equations for the approximation of the axisymmetric solution is found over a wide range of parameters using a predictor-corrector continuation technique, where Newton's method is used for the correction [28] . If a solution is known for a particular set of parameter values, then this method can be used effectively to follow solutions as a parameter is varied, i.e. to find a solution curve (with respect to the parameter).
Here, we know that the trivial solution satisfies the axisymmetric equations when ∆T = 0.
Starting from this known solution, we can track the axisymmetric solution as Ω and ∆T are
varied.
An iterative secant method is used to locate the points on the neutral stability curves, where the real part of the eigenvalue with largest real part is considered as a function of the parameters. The iterative procedure for the localization of the double Hopf points uses the fact that the points occur at intersections of two neutral stability curves. In both procedures, iteration continues until the magnitudes of the real parts of the relevant eigenvalues are less than a specified tolerance (10 −8 for the results presented below).
The discretized transformed equations and the entries of the coefficient matrices are computed symbolically using Maple. The generalized matrix eigenvalue problem, which results from the discretization of (13) , is solved in Matlab using the implicitly restarted Arnoldi method [29] , which is a memory-efficient iterative method for finding a specified number of eigenvalues with the largest magnitudes. A generalized Cayley transformation is made so that the Arnoldi iteration finds the eigenvalues with largest real parts [28] . The parameters of the transformation can also be chosen to improve convergence properties. In particular, the generalized Cayley transformation because the Arnoldi iteration only requires matrix-vector products involving C(L, A), see [29] . Thus, the full sparseness properties of L and A can be exploited, and computer memory requirements can be reduced.
Results
The parameters for the geometry of the annulus and properties of the fluid are listed in Table 1 . These values are similar to those used in [12] . In particular, the fluid properties correspond to air as the working fluid, which has a Prandtl number P r ≈ 0.707. 
Neutral stability curves
The neutral stability curves for azimuthal wave numbers m = 2 to m = 7 are plotted in exists for values of the parameters (immediately) to the left of the transition curve. We might expect that the subcritical bifurcations would lead to a hysteretic axisymmetric to non-axisymmetric transition via a saddle-node of cycles on the branch of unstable periodic orbits that bifurcate at the Hopf point. However, a computation of the higher order terms of the generalized Hopf point would be necessary to show this. We leave this as an avenue of future study. We now turn attention to the points in the space of parameters where the leftmost neutral stability curves of Figure 1 cross. As parameters are varied through these points, two complex conjugate pairs of eigenvalues with zero real part cross the imaginary axis, while all other eigenvalues have negative real part, i.e. we have a double Hopf bifurcation. 
Double Hopf analysis: Mixed-mode solutions
Once the double Hopf points have been localized, the normal form coefficients (23) are calculated. Results are listed in Table 2 , in which the location in parameter space of the double Hopf points, the calculated values of the normal form coefficients, and the imaginary parts of the critical eigenvalues are presented for grid sizes N = 50 and N = 100.
Given the values listed in Table 2 , the local dynamics can be determined by an analysis of the truncated normal form equations (22) . This analysis in a general context is described in detail in [30] and [31] . Here we present a short summary in the context of the present application.
The last two equations of (22) simply linear functions of time t, and therefore, represent a constant rotation. Thus, we need only consider the dependence on the radial variables ρ 1 and ρ 2 , i.e., the dynamics can be found from the following system:
For this reduced system the fixed points and ω 2 are not integer multiplies of each other, then the orbit is quasiperiodic on the torus. This is the case for each of the bifurcation points considered here (see Table 2 ). Fixed point (4) corresponds to a mixed-mode flow for the full model equations.
In most cases, given the signs of the normal form coefficients and the sign of A = ad − bc, a straightforward analysis can determine the regions in parameter space where the fixed points exist, as well as their stability [30, 31] . In all cases, the fixed point (1) is stable where both µ 1 < 0 and µ 2 < 0 are satisfied, and unstable elsewhere. [30] , or the time-reverse of "simple" Case I of [31] . See [30] for bifurcation diagram. In this case, there is a subcritical Hopf bifurcation in the normal form equations (22) (22), a bifurcation from a periodic orbit to a 2-torus, i.e. a Neimark-Sacker bifurcation, occurs as parameters are varied across the borders of the wedge. A linear stability analysis of the fixed points [30, 31] reveals that fixed points (2), (3) and (4) This would imply that there is a periodic orbit for (26) near this line. In the full normal form equations (22) , this bifurcation corresponds to a bifurcation from the 2-torus, and the periodic orbit of (26) would correspond to a 3-torus. The stability of this solution (i.e. whether the bifurcation is subcritical or supercritical) would depend on the fifth order terms in the normal form equations. These would be formidable to compute in this context, and so we do not attempt it here. Even if such a solution were stable, it is not clear if it would persist upon the introduction of the higher order terms (see [31] ). It has been shown that occur at µ 1 = 0 and µ 2 = 0, respectively, i.e. there exist periodic orbits corresponding to fixed points (2) and (3) for µ 1 > 0 and µ 2 > 0, respectively. In this case fixed point (4) exists in the wedge defined by µ 2 < −µ 1 /b and µ 2 > −cµ 1 . Linear stability analysis reveals that fixed points (2) and (3) are stable (unstable) outside (inside) this wedge, when they exist, and that fixed point (4) is always stable. Thus, again the mixed-mode flow corresponding to fixed point (4) may be observable in experiment. However, in this case, the width of the wedge in which the mixed-mode solution exists is quite small, and thus, the solution may be difficult to locate. itself arises due to the fact that this bifurcation is close to a degeneracy. Specifically, the real part of the coefficient G 22 of (21) is close to zero, corresponding to being near a generalized Hopf point (see Section 4.1). Because it appears in the denominator of the formula for b Similarly, in the (m 1 , m 2 ) = (5, 4) case, all approximations seem reasonable except for that of the coefficient c, which again is close to zero, and thus indicates that the bifurcation point is near a degeneracy. Results below show that relatively small changes in the Prandtl number can induce similar quantitative changes in the values of the coefficients. Thus, due to the nature of the bifurcations, we cannot prove that the dynamics predicted will be experimentally observable at the particular parameter values that are chosen. However, we can conclude that the predicted behaviour will occur for some value of the parameters near these values.
A schematic example of the temperature deviation field at mid-depth in a mixed-mode flow is presented in Figure 5 . This flow is a first-order approximation of the flow that may be observed close to the (m 1 , m 2 ) = (4, 3) bifurcation. In particular, we have plotted cross-sections of the temperature component of
where U 0 is the steady axisymmetric solution, and it is assumed that z 1 and z 2 take on values that correspond to fixed point (4) such that the perturbation is of the same order as U 0 . The panels represent the temperature field in the annulus at equal time intervals.
The patterns of the first and last panels are qualitatively similar, and differ only in phase.
Therefore, after the time of the final panel, the sequence will be repeated except with a phase shift. This sequence is continually repeated, where after each completion of the sequence, the pattern has shifted by a given phase. Because the frequencies of the interacting waves are non-commensurate, the pattern never exactly returns to its starting phase, i.e., the motion is quasiperiodic.
The centre manifold reduction and normal form analysis that is employed is able to determine the existence and stability of solutions near the bifurcation point, but cannot determine whether the solutions persist far from the bifurcation. That is, the analysis cannot determine how large the flow perturbation can grow before the higher-order terms lead to qualitative changes in the flow, e.g., the flow becomes unstable. Thus, it is not known if the specific flow pattern represented in Figure 5 could be observed. In order to obtain a higher-order approximation of the solution it would be necessary to include other azimuthal modes. In particular, the analysis predicts that the flow lives on a 2-torus in phase space, which, due to the nonlinearity of the system, cannot be describe solely in terms of the phase space variables associated with the critical wave numbers and their harmonics. However, it is expected that the critical wave numbers would still be dominant. Thus, although we call this flow a mixed-mode solution, it would more accurately be called a mixed-dominant-mode solution.
Discussion
Above, we predict that stable (m 1 , m 2 ) = (4, 3) and (m 1 , m 2 ) = (5, 4) mixed-mode solutions occur near certain points in the space of parameters. However, there has been no evidence of such flows in these regions of parameter space in experimental and numerical studies [13, 12] , respectively.
For the (m 1 , m 2 ) = (5, 4) flow, the normal form coefficient c is small, while the coefficient b is relatively large, which indicates that the wedge in which the mixed-mode flow is observed is quite narrow, and thus would be easily missed in the experimental or numerical studies.
In fact, the small value of c indicates that the bifurcation is close to degenerate. This is discussed further below.
As a parameter of an experiment is varied, it is expected that the stable flows that are observed will correspond to stable solutions that are computed in a one-parameter continua- However, from experimental and numerical results of [13] and [12] , respectively, it is expected that there is a limit point (or saddle-node of cycles) on the periodic branch that emanates from the subcritical Hopf point at µ 1 = 0. Given these results, it would be expected that the periodic solutions that result from this secondary bifurcation are stable and persist, perhaps much longer than the mixed-mode solution, i.e., the mixed mode solution would not be observed if parameters are varied in such a way. This would suggest that the most likely means of observing the mixed-mode solution is to vary µ 1 with µ 2 > 0. In terms of the physical parameters, the curves µ j = 0 correspond to the neutral stability curves for m j . Thus, this would suggest that the mixed-mode flow would be more likely observed by varying Ω near the double Hopf point, and not ∆T as is done for the experimental and numerical procedure of both [13] and [12] .
Effects due to Prandtl number
The analysis of the double Hopf points of the previous section reveals that, although the (m 1 = 5, m 2 = 4) bifurcation leads to a stable mixed-mode flow, the small value of c indicates that the bifurcation is close to degenerate. The degeneracy occurs when the normal form coefficient c is equal to zero, and represents the border between dynamically distinct regions, i.e. the case when c is positive will have a different bifurcation diagram than for c negative.
Thus, it is expected that as a third parameter of the system is varied, not only will the critical values of the rotation rate Ω and the differential heating ∆T vary, but so will the values of the normal form coefficients. In the present case, it is possible that the variation of a particular parameter will induce a change in the sign of the coefficient c, and thus a qualitative change in the local dynamics.
The normal form coefficients have been computed for a range of Prandtl number P r for the (m 1 , m 2 ) = (5, 4) bifurcation point. These are listed in Table 3 . We induce the change in the Prandtl number P r by varying only the viscosity ν, while all other parameters are held fixed as in Table 1 . The results indicate that as the Prandtl number P r is decreased, the wedge in which the mixed-mode solution exists and is stable becomes larger, whereas as the Prandtl number P r is increased, the wedge becomes smaller and ultimately disappears. For all cases such that P r < 0.707, we have that the normal form coefficients satisfy a = −1, b < 0, c > 0, d = −1, and A > 0, and thus have qualitatively the same dynamics as those for P r = 0.707. That is, the bifurcation diagram for these cases is that of Figure 4 .
However, although b changes relatively little, the coefficient c becomes larger quickly as P r is decreased. Because the lower boundary of the region in which the 2-torus exists is given by µ 2 = −cµ 1 , this implies that the wedge becomes larger as P r decreases. Note that a small change in the Prandtl number P r from 0.707 to 0.667 induces a larger change in c than the difference seen for the different grid sizes (see Table 2 ).
As P r is increased from 0.707, the value of the coefficient c becomes negative, while the value of A remains positive. Thus, we have a = −1, b < 0, c < 0, d = −1, and A > 0, which corresponds to the reverse of Case Ia of [30] , or 'simple' Case II of [31] . As in the case for P r = 0.707, fixed point (4) exists in the wedge defined by µ 2 < −µ 1 /b and µ 2 > −cµ 1 , but in this new case the corresponding line µ 2 = −cµ 1 has moved from the lower-right quadrant to the upper-right quadrant. A linear stability analysis reveals that fixed point (4) remains stable in the wedge. However, the size of the wedge has decreased.
If P r is increased further, the value of c continues to decrease, which eventually induces a change in sign in A. This leads to a further change in the dynamics. For P r = 0.7708, we have a = −1, b < 0, c < 0, d = −1, and A < 0, which corresponds to the reverse of Case Ib of [30] , or 'simple' Case I of [31] . In this case, the fixed point (4) exists in the wedge defined by µ 2 > −µ 1 /b and µ 2 < −cµ 1 . That is, the line µ 2 = −cµ 1 is now the upper boundary of the wedge and the line µ 2 = −µ 1 /b is the lower boundary. A linear stability analysis reveals that fixed points (2) and (3) are both stable for all values of the parameters in the wedge, while fixed point (4) is always unstable. Thus, there is bi-stability and hysteresis of the wave solutions, and the mixed-mode solution is unstable. These dynamics are those observed in the annulus for the case when water is the working fluid, i.e. for P r ∼ 7 [17] .
At this point we do not explore the more complicated situation that occurs at the degenerate bifurcation point (c = 0). We leave this as a potential route of future study.
Conclusion
In this paper, we have presented an analysis of the transition from axisymmetric to nonaxisymmetric flow in a differentially heated rotating air-filled cylindrical annulus. The transition is found from the linear stability of the axisymmetric solution. It is found that at almost all points along the transition curve, the axisymmetric solution loses stability as a complex conjugate pair of eigenvalues crosses the imaginary axis, corresponding to a Hopf bifurcation. The bifurcating periodic orbit corresponds to a rotating wave with azimuthal wave number given by that of the eigenfunction of the critical eigenvalue. In the range of parameters studied, we find three points along the transition curve at which two complex conjugate pairs of eigenvalues cross the imaginary axis, i.e. two Hopf bifurcations occur simultaneously. These points correspond to transitions in the azimuthal wave number (by integer 1) of the bifurcating wave. We use centre manifold reduction and normal forms at these double Hopf points to predict the effects of the nonlinear interactions between the two bifurcating solutions. We find that for the critical azimuthal wave number pair (m 1 , m 2 ) = (3, 2) the analysis predicts no stable bifurcating solutions. However, the analysis for the wave number pairs (m 1 , m 2 ) = (4, 3) and (m 1 , m 2 ) = (5, 4) predicts that in certain regions in the space of parameters there exists a stable 2-torus in phase space which corresponds to stable quasiperiodic mixed-azimuthal mode solutions. Due to the nonlinearity of the system, it is not possible to describe this solution solely in terms of the critical azimuthal wave numbers and their harmonics. Close to the bifurcation point, these other wave numbers are expected to be unimportant. However, as parameters move away from the bifurcation point, their effect is expected to become more significant.
The analysis also indicates that the double Hopf bifurcations associated with the two critical wave number pairs (m 1 , m 2 ) = (4, 3) and (m 1 , m 2 ) = (5, 4) are near degeneracies, which leads to difficulties in confirming convergence of the numerical approximations. In particular, near degeneracies, small errors can induce qualitative changes in the dynamics, and thus, we are unable to prove that the behaviour predicted by our analysis is quantitatively accurate. However, we argue that the analysis correctly predicts the qualitative behaviour that occurs in the mathematical model, if not for the exact parameter values used for the calculations, then for parameter values in a neighbourhood of these.
An additional consequence of the near-degeneracy is that the wedge in parameter space in which the (m 1 , m 2 ) = (5, 4) mixed-mode solution exists is quite narrow. For this case, we study how the variation of the Prandtl number affects the predictions. It is found that by decreasing the Prandtl number, the wedge in which the mixed-mode solution exists grows larger, thus making it more likely to be observed. Alternatively, as the Prandtl number is decreased, the wedge in which the stable mixed-mode solution exists narrows, until a transition occurs and the mixed-mode solution becomes unstable. At this point, the dynamics of the high Prandtl number fluid is recovered.
The flows described in this paper have not been observed in either experiment or numerics.
Although this could be an indication that these flows quickly lose stability as parameters are varied away from the bifurcation point, it is also possible that this is due to the size of the wedge, as well as the experimental and numerical procedure that has been used.
In particular, we predict that the (m 1 , m 2 ) = (4, 3) mixed-mode flow would be more easily observed on incrementation of the rotation rate rather than the differential heating. There is some evidence that (m 1 , m 2 ) = (2, 1) mixed-mode (weak wave) flows occur in the experiments [13] . However, this region is outside of the region that we have explored here. This will be addressed in future work.
These mixed-mode flows are not often observed in theoretical or experimental studies in the case when high Prandtl number fluids are used, while we have shown here that they may occur with fluids of Prandtl number near unity. In fact, the results of Section 5.1 clearly indicate that the decrease in the Prandtl number leads to the equilibration of these flows. 
